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Abstract. Separable codes were introduced to provide protection against illegal redistri¬ 
bution of copyrighted multimedia material. Let C be a code of length n over an alphabet 
of q letters. The descendant code desc(Co) of Co = {ci, C 2 ,..., ct} C C is defined to be the 
set of words x = (xi,X2, ■ ■ ■, x n ) T such that Xi G {ci,i, C 2 ,i,..., Ct,i} for all i = 1,..., n, 
where Cj = (cj,i, Cj, 2 ,..., Cj,„) T . C is a t-separable code if for any two distinct Ci, C 2 C C 
with |Ci| < t, IC 2 I < t, we always have desc(Ci) ^ desc(C 2 ). Let M(t,n,q) denote the max¬ 
imal possible size of such a separable code. In this paper, an upper bound on M(3, 3, q) 
is derived by considering an optimization problem related to a partial Latin square, and 
then two constructions for 3-SC(3, M, q)s are provided by means of perfect hash families 
and Steiner triple systems. 

1. Introduction 

Separable codes can be used to construct multimedia fingerprinting codes which can 
effectively trace and even identify the sources of pirate copies of copyrighted multimedia 
data, see, e.g., [sum They are of interest in combinatorics and can be also used to study 
the classic digital fingerprinting codes such as identifiable parent property (IPP) codes 
|3 HD], frameproof codes (FPCs) [HEj, perfect hash families (PHFs) [11] and so on. Cheng 
and Miao [8] pointed out that IPP codes, FPCs, PHFs and some other structures in digital 
fingerprinting are in fact examples of separable codes with additional properties. 

Let n,M and q be positive integers, and Q be an alphabet with \Q\ = q. A set C = 
{ci, C 2 , • • •, cm} Q Q n is called an (n, M, q) code and each cj is called a codeword. Without 
loss of generality, we may assume Q = {0,1,..., q — 1}. When Q = {0,1}, we also use the 
word “binary”. Given an (n, M, q ) code, its incidence matrix is the n X M matrix on Q in 
which the columns are the M codewords in C. We do not distinguish an (n, M, q ) code and 
its incidence matrix unless otherwise stated. 

For any subset of codewords Co C C, we define the set of ith coordinates of Co as 

C 0 (i) = { Ci G Q | c = (ci,c 2 ,.. • ,c n ) T € C 0 }, 1 < i < n, 
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and the descendant code of Co as 

d esc (C 0 ) = {x = (xi,x 2 , ■ ■ -,x n ) T E Q n \ x t E C 0 (z), 1 <i<n}, 

that is, 

desc(Co) = C 0 (l) x C 0 (2) x ■ • • x C 0 (n). 

Definition 1.1. Let C be an ( n,M,q ) code and t > 2 be an integer. 

(1) C is a t-separable code, or £-SC(n, M, q ), if for any C\,C 2 CC such that \C\ \ = \C 2 \ = t 
and Ci 7 ^ C 2 , we have desc(Ci) / desc(C 2 ), that is, there is at least one coordinate i, 
1 < i < n, such that Ci(z) / C 2 {i)- 

( 2 ) C is a t-separable code, or t-SC(n, M, q), if for any Ci,C 2 C C such that |Ci| < t, 
\C 2 \ < t and Ci / C 2 , we have desc(Ci) 7 ^ desc(C 2 ), that is, there is at least one 
coordinate i, 1 < i < n, such that Ci(z) / C 2 [i)- 

(3) C is a f-frarneproof code, or f-FPC(n, M, q), if for any C'CC such that \C'\ < t, we 
have that desc(C')f)C = C\ that is, for any c = (ci,... ,c n ) T € C \ C', there is at 
least one coordinate i, 1 < i < n, such that c* 0 C'(i). 

Cheng et al. BE] established the following relationships between frameproof codes and 
separable codes. 

Lemma 1.2. ( [5] ) A t-FPC(n, M, q) is also a £-SC(n, M, q). 

Theorem 1.3. ([7]) An ( n,M,q ) code C is a t-SC(n,M,q) if and only if C is a (t — 1)- 
FPC (n,M,q) and a f-SC(n, M, q). 

Since the parameter M of a £-SC(n, M, q) corresponds to the number of fingerprints 
assigned to authorized users who purchased the right to access the copyrighted multimedia 
data, we should try to construct separable codes with M as large as possible, given length 
n. Let M(t,n,q ) = max{M | there exists &t-SC(n,M,q)}. A £-SC(n, M, q) is said to be 
optimal if M = M(t, n, q). Similarly, a f-FPC(n, M, q) is optimal if M is the largest possible 
value given n, q and t. From the relationship above, Cheng et al. obtained the following 
upper bound on M(t, n, q). 

Theorem 1.4. (|7j) Let n,q and t be positive integers such that t > 3 and n > 2, and let 
r E {0,1, ...,£ — 2} be the remainder of n on division by t — 1. If M(t , n, q) > q, then 

M(t, n, q) < max{ g rVC-i)l ) r ( q \n/(t-iy\ _ X ) + (^ _ X _ r )^/{t-i)\ _ X )} 
Bazrafshan and Trung showed the following results. 

Lemma 1.5. ([I]) For any positive integers t and q > 2, the following 
f-FPC(n, n(q — 1), q) when 2 < n < t. 

(I 2 ... q- 1 0 0 ... 0 ...0 0 

0 0 ... 0 12 ... q- 1 ... 0 0 

\0 0 ... 0 0 0 ... 0 ...1 2 ... q-l ) 


code is an optimal 

° \ 

0 
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Lemma 1.6. ([]]) For a t-FPC(n, M, q ) with n = 1 + t we have 

(i) M < q 2 , if n < q, 

(ii) M < nq, if n > q. 

According to Theorem 11.31 and Lemmas 11.21 11.51 11.61 the following corollaries can be 
obtained. 

Corollary 1.7. For any positive integers t and q > 2, there always exists an optimal 
t-SC(n,n(q — 1), q) when 2 < n < t. 

Corollary 1.8. In a t-SC(n, M, q) with n = t we have 

(i) M < q 2 , if n < q. 

(ii) M < nq, if n > q. 

Using random choice with expurgation, Blackburn [2] showed the following result. 

Theorem 1.9. ([!]) Let n and t be fixed integers such that n > 2 and t > 3. There exists 
a positive constant k, depending only on n and t, so that there is a g-ary f-separable code 
of length n with at least K,q n ^ t ~ 1 ^ codewords for all sufficiently large integers q. 

Corollary 1.10. There exists a positive constant k, depending only on n and t, so that 
M(t,n,q ) > B for all sufficiently large integers q. 

Cheng and Miao [S] showed that long-length separable codes can be constructed by 
concatenating short-length separable codes. This stimulates the investigation of separable 
codes with short length n = 2,3. When n = 2,3, upper bounds on M( 2, n, q) were derived, 
and several infinite series of optimal 2-SC(n,M,q)s were constructed in [BJ[7]. When t> 3, 
the structure of t-SCs becomes more complex so that little is known about t -SCs for t > 3. 

In this paper, we mainly study 3-SCs. When n = 2, by Corollary 11.71 we know that for 
any integer q > 2, there always exists an optimal 3-SC(2, 2 (q — 1 ),q). When n = 3 and 
q = 2, an exhaustive computer search shows that C = {(1,0, 0) T , (0,1,0) T , (0, 0, l) r } is an 
optimal 3-SC(3,3,2). When q > 2, we have M(3,3,q) < q 2 by Corollary 11.81 However, 
this upper bound is not tight. In the following sections, we will first derive a new upper 
bound M(3,3, q) < by considering an optimization problem related to a partial Latin 

square. Two constructions for 3-SC(3, M, q)s will be then provided by means of perfect 
hash families and Steiner triple systems. The first one shows that 3-SC(3, M, q)s with 
M = 0(g 3 / 2 ) codewords, the lower bound provided by Blackburn ICorollarv ll.lOp using a 
probabilistic proof, can be constructed explicitly for all integers q. The second one shows 
that 3-SC(3, M, q)s with M = 0(q 2 ) codewords do exist. 

2. Forbidden configurations 

In this section, we first show that a 3-separable code, C, cannot contain certain subcodes, 
that is, there are certain forbidden configurations in C. Then we use these forbidden con¬ 
figurations, together with the 2-frameproof code property, to give a necessary and sufficient 
condition for a (3, M, q) code to be a 3-SC(3, M, q). 
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For any (3, M, q ) code C defined on Q, we define two shortened codes AA and App' > for 
i,k £ Q as 

A' 1 ' = l( c 2 ,c 3 ) | (i,c 2 ,c 3 ) T € C} and A^ 2) = {c 3 | (i,k,c 3 ) T £ C}, 
respectively. Obviously, aA C Q 2 and A -C Q hold for any i, k £ Q, and 

Ek (1) i = EEi 4?\ = m. 

ieQ i&Q keQ 

/o\ /o\ 

Similarly, A\ ' and A' ; for i £ Q can be defined. Cheng et al. [7] obtained the following 
result. 

Lemma 2 . 1 . [7J If C is a f-SC(n, M, (/), then |Ap■’ P| A^P\ < 1 holds for any distinct i,i' £ Q 
and j = 1 , 2 ,... , n. 

From the notions above and the definition of an FPC, the following Lemma 12.21 can be 
obtained. 

Lemma 2.2. A (3 ,M,q) code is a 2-FPC(3 ,M,q) if and only if |Ap ' 1 f]A^P\ < 1 holds for 
any j £ {1,2,3} and distinct i,i' £ Q, where if |A ^ 1 f]A^P\ = 1 , then |A^| = \A ( f, ‘ = 1 . 

Proof: Let C be a (3 ,M,q) code. We first suppose that C is a 2-FPC(3, M, q). Ac¬ 
cording to Lemma fL2l C is a 2-SC(3 ,M,q). So for any j £ {1,2,3} and distinct i, i! £ Q, 
\Ap ! P| ApP\ < 1 holds by Lemma [2.11 When |A- J ^ P| A^| = 1, without loss of gener¬ 
ality, we may assume that j = 1 and {a} = A,- 11 P| A*;,*. If there is another element 
b € Ap\ then we have (i, a) T , (z,b) T , (i',a) T £ C, {(i', a) T , (*, b) T } P|{(i, a ) T } = 0, and 
(f,a) T € desc({(i', a) T , (i, b) T }) P| C. This contradicts the definition of a frameprood code. 
So |A^ | = 1 holds. Similarly, | Aj ^ \ = 1 can be proved. 

Conversely, if C is not a 2-FPC(3, Af, q), then there exist three distinct codewords a = 
( 01 , 02 , a 3 ) T , b = ( 6 i, 6 2 , 6 3 ) t , c = (ci,c 2 ,c 3 ) r £ C, such that c £ desc({a,b}). Since the 
codeword length equals 3, there exists at least one codeword, say a, such that it contains 
two same coordinates as c, say a 2 = c 2 and a 3 = c 3 . Since c £ desc({a, b}), then b\ = c\. 
That is, c = ( 6 i,a 2 ,a 3 ) T . Obviously, |A^ p| a[^| > 1 and |A^| > 2 , which contradict our 
assumption. □ 

Now, let us turn our attention to 3-SC(3, M, q)s. For any 3-SC(3 ,M,q), C, it can be 
checked that there is no subcode Ai C C described in dTJ). 

( a a b b \ / a a b b \ ( e f g e \ 

e f g e \ , A 2 =lcdcd\, A 3 = I a a b b J . ( 1 ) 

c d c d / \ e f g e ) \ c d c d ) 

The reason is as follows. If C contains the configuration Ai, then since C is also a 2 - 
FPC(3, M, q) by Theorem 11.31 we should have a b, c d and e 0 {/,<?}. How¬ 
ever, in this case, {(a,e,c) T , (a, f,d) T , (b, g,c) T } {(a, /, d) T , ( 6 , g, c) T , ( 6 , e, d) T }, but 

desc({(a,e,c) T , (a,f,d) T , (b,j/,c) T }) = desc({(o, /, d) T , (b, g, c) T , ( 6 , e, d) T }), a contradic¬ 
tion to the definition of a 3-SC. We call such Ai a forbidden configuration of C. Given 
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a subcode C' C C, conjugates of C are subsets of Q 3 defined by changing any two coordi¬ 
nates of C . Clearly, Ai and its conjugates in (P) are forbidden configurations of C. 

It is easy to check that the following V is also a forbidden configuration of C , where 
\{ca,bi, c i}\ =3 , i = 1,2,3. 


CL\ bi Cl CL 1 bl Cl 

V = | a 2 b 2 c 2 b 2 c 2 a 2 

fl3 ^3 C 3 C 3 03 63 


(2) 


Theorem 2.3. A (3, M , q) code C is a 3-SC(3, M, q ) if and only if it satisfies the following 
conditions: 

(i) C is a 2-FPC(3, M, q); 

(ii) Configurations in (Jl]) and (J2J) are all the forbidden configurations of C. 

The proof of Theorem 12.31 is included in Appendix. 


3. An UPPER BOUND 

As we said at the end of Section [fl when n = 3 and q > 2, we have an upper bound 
M (3,3, q) < q 2 . In this section, we are going to derive a new upper bound M (3,3, q) < 
by exploiting the two conditions in Theorem 12.31 

Given a 3-SC(3, M, q), C, defined on Q = {0,1,... , q — 1}, the following q x q array can 
be obtained, where each entry is a subset of Q. 

\ 


21 = 


By Theorem 12.31 C is also a 2-FPC(3, M, q). Then it can be easily checked that 21 has 
the following properties. 

(I) Pm: If IA-,j 2) l ^ 2 ; tlien = 0 holds for any <E Q 2 \ {(*,j)}; 

Pi. 2 : If \A\ j 2) f| A\i' 2) I = 1 with j / /, then = A^' 2 ) = 0 holds for any i' € Q\{i}; 
P L3 : If |A-j’ 2) () 4 ?\ = 1 with * 7- then A-*’, 2) = = 0 holds for any f € Q\{j}- 

Again by Theorem 12.31 configuration A 2 is a forbidden configuration of C. Then it is 
easily seen that 21 has the following property. 

(II) P 2 : If |A-j 2) n49l = 1 with * 7^ 3 7 k f, then A-, 1 ^ = 0 or A-^ = 0 holds. 

From array 21, we can define a related array B = (bij) in the following way: 


/ A (1 ’ 2) 

•^0,0 

a (1,2) 

A (1 ’ 2) 

•^ 1,0 

a (1,2) 

, A 1 - 2 ) 

\ “^g-1,0 • 

a (1,2) 

• ^ 9 - 1 , 9 - 


bij — < 


aij if A[ 1 / ) = {aijj, 

a if 2 <|Ag 2) |, 

x if A§ 2) = 0 . 
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Let Hi = \{j | |Ap/ } | > 2, j G Q}| be the number of sets A^J 2 ^ with |A^’ 2 ^| > 2 in the ith 

/i o'] 

row of 21, namely, the number of in the ith row of B. Let pi = n ■-><- I A 1 , 2 ), | A \ | 

j | ’ J 

/i o') (i o) 

be the sum of orders of A\ ■ with |A,) • ; | > 2 in the ith row of 21. Then according to Pi.i, 

( 12 ) ( 12 ) 

we know that the sum of orders of A\ ■ with \A\j '| > 2 in 21 is 

X>-| U A 2) i= E iAAi- 

i£Q i,j&Q ij£Q 

m& 2) i > 2 a& 2 ) i > 2 

Let Di be the set of elements of Q occurring at least twice in the ith row of B. Let m, 
be the sum of frequencies of elements in Di in the ith row of B, m(—i ) = YlieQXU} mi an d 
m = YIi&q m i- Let Bi be the set of elements of Q occurring exactly once in the ith row of 
B. Let Zij = | B r Clearly, < q. 

Now we consider the total number of distinct elements of Q in the ith and jth rows of 
B. The number of distinct elements of Q in any ith row of B is \Bi \ + \Di\. The number of 
distinct elements of Q in the ith and jth rows of B is at least \Bi\ + \Bj\ — | B t n Bj |, and 
from the definition of pi and property Ppi, is at most q — YlieQ Pi- So we have 

\Bi\ + \Bj\ - | Bi n Bj | < q - 

l£Q 

We also consider the number of entries in the ith and jth rows of B. Clearly, for the ith 
row of B, m(—l) + Hi + m/ + \B[\ < q, and for the ith and jth rows of B, 


[\Bi\ + pi + m(—i ) + nrii] + [| Bj\ + Hj + 'm(-j) + frij] + Zij < 2 q 
where the term u Zi j” is the number of additional “x” caused by the forbidden configuration 

A 2 - 

We are in a position to derive our new upper bound on Af (3, 3, q). 

Theorem 3.1. M(3,3,q) < holds for q > 4. 

Proof: Let C be a 3-SC(3, M, q) defined on Q. Clearly, M = Xa leQ |A l -)’ 2 ' ) |, where 

/i o] 

S/eQ |A -1 \ = Pi+ rrii + \Bi\. So our goal is to solve the following optimization problem. 

Maximize J2ieQ(Pi + m i + \ B i\) 

Subject to 2 m + p% + \Bi\ + Pj + \Bj\ + z^j < 2 q 

\Bi\ + \Bj\ - z^j + Pi<P 

i,jeQ. 

From the constraints above, we have 

2 m + Hi + Pj + 2(|Sj| + | Bj\) + 'y ^ pi < 3 q. 

leQ 
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Summarizing the inequality above for all i 7 ^ j, we have 

2 (?- 1 )5^ t-Bil + {v -m + 2m {t) + ( 2 ) J2 pi - 3q 

leQ i£Q \ / \ / leQ 

When 2 (q — 1) < (|), that is, q > 4, we have 

2 (q - 1 )M = 2 (q - 1) ^(|^| + mi + pi) 
leQ 

< 2 (q -!) + (9) X] # 

zeQ ^ ' zeQ 

< (Y) ~ ( q “ !) ( X ] pl + ( q ~ 2 ) m ) 

' ' ieQ 

<Ml 

This implies M < □ 

This bound is sharp for some q > 4. In fact, if we can find a 3-SC(3, M, q), C, on Q such 
that every entry in its corresponding 21 is a singleton or empty set, no element of Q appears 
in any row or column of 21 more than once, and the number of “x” in each row of B is |, 
then M = - { q 2 . The following is such an example. 

Example 3.2. When q = 4, M(3,3,4) = 3 x 4 2 /4 = 12. Then it can be checked that C\ is 
an optimal 3-SC(3,12,4). We list it and its related array as follows. 

/000111222333\ 

C 4 = 0120230131231, 1 4 

\012132320301/ 

4. Constructions 

B 4 in Example [372] can be regarded as a partial Latin square of order 4, which corresponds 
to an optimal 3-SC(3,12,4). In this section, we use partial Latin squares to construct 3- 
SC(3, M, q)s. The definition of a partial Latin square is given below. 

Definition 4.1. A partial Latin square P of order q is a q X q array with entries chosen 
from a g-set Q in such a way that each element of Q occurs at most once in each row and 
at most once in each column of the array. If all the cells of the array are filled then the 
partial Latin square is termed a Latin square. 

For ease of exposition, a partial Latin square P will be represented by a set of ordered 
triples {(*, j, Pij) | element occurs in cell (i,j) of the array}. 

Lemma 4.2. For any partial Latin square P, its associated code C = {c | c = ( i,j,Pij) T \ 
(b J! Pij) € P} is a 2-FPC. 


/ 0 1 2 x \ 

1x32 
3 2x0 

\ x 3 0 1 / 
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Proof: Supposed is not a 2-FPC. Then there exist C = {a, b} C C and c = (ci, C 2 , c^) T E 
C\C' such that c E desc(C'). This implies that there exists a codeword, say b = {b\. b 2 ,b 3 ) T E 
C', such that there are at least two coordinates i.j E {1,2,3} satisfying 6 * = q and bj = Cj. 
If (i,j) = (1,2), then {(ci, 02503 ), ( 01 , 02563 )} C P, that is, cell ( 01 , 02 ) contains both 03 and 
63 , a contradiction to the definition of a partial Latin square. Similarly, it is readily checked 
that neither ( i,j) = (1,3) nor (2,3) is possible. The proof is then completed. □ 

In the following subsections, we first construct partial Latin squares by means of perfect 
hash families and Steiner triple systems, respectively, and then show that the associated 
codes of these partial Latin squares do not contain the forbidden configurations (PQ) and (J2J). 
According to Theorem 12.31 these associated codes are 3-SC(3, M, q)s. 

4.1. Constructions via perfect hash families. Let / be a function from a set X to a 
set Y. We say that / separates a subset T C X if / is injective when / is restricted to 
T; otherwise we say that / reduces T. Let M,q,t be integers such that M > q > t > 2. 
Suppose |A| = M and |y| = q. A set T of functions from X to Y with |= n is an 
(n; M, q, t)-perfect hash family if for all TCI with |T| = t, there exists at least one / E T 
such that / separates T. We use the notation PHF (n\M,q,t) for an (n\ M,q,t )~perfect 
hash family. A PHF (n; M,q,t) can be depicted as an n x M array in which the columns 
are labeled by the elements j E X, the rows by the functions fi E J 7 , and the (i,j)-entry of 
the array is the value Thus, a PHF(n; M, q, t) is equivalent to an n x M array with 

entries from a set of q symbols such that every n x t subarray contains at least one row 
having distinct symbols. A perfect hash family is optimal if M is the largest possible value 
given n. q and t. 

Given a PHF(n; M, q, t ), T = {/ 1 , / 2 ,.. ., f n }, we can derive an associated code C in an 
obvious way: associate each x E X with the codeword (/i(x), f2 ( x ), ..., f n ( x)) T . Staddon 
et al. pTO] observed that the associated code of a PHF(n; M, q, t ) is a (t — l)-FPC(n, M, q). 
However, we should note that the associated codes of a PHF (n; M, q,t) is not always a 
t-SC(n,M,q). In fact, we can easily check that V in ([2]), a forbidden configuration of 
3-SC(3, M, q), is a PHF(3; 6, q, 3). 

In this subsection, we will first show that a special optimal PHF(3; r 3 , r 2 ,3) in [3] is in fact 
also a 3-SC(3, r 3 , r 2 ). Based on this PHF(3; r 3 , r 2 ,3), we then propose a new construction 
for a 3-SC(3, r 3 + ?’ 5 / 2 , r 2 ) for any even square r. 

Let r > 2 be an integer, X = Z 3 , and Y = Z r 2 . Define functions fi, f 2 , f 3 '■ X —> Y by 

/i((o, 6 , c)) = ar + 6 , / 2 ((a, 6 , c)) = ar + c and f 3 ((a,b, c)) = br + c 
for all a, 6 , c E Z r . 

Theorem 4.3. ([3]) The functions fi, / 2 , and f 3 defined above form an optimal PHF(3; r 3 , r 2 , 

Let C\ = {(/i((a, 6 , c)), / 2 ((a, 6 , c)), /s((a, 6 , c))) T | a, 6 , c E Z r } be the associated code of 
the above PHF. It is not difficult to check that the corresponding r 2 xr 2 array of C\, in which 
the rows are labeled by 6 , c)), the columns by / 2 ((a, 6 , c)), and (/i((a, 6 , c)), /o((o, 6 , c)))- 
entry is f 3 ((a,b,c)), is a partial Latin square. Then Lemma 14.21 shows that Ci is a 2- 
FPC(3,r 3 ,r 2 ). In fact, we can say more about C\. 
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Lemma 4.4. C\ is a 3-SC(3, r 3 ,r 2 ) for any integer r >2. 

Proof: From Theorem 12.31 it is sufficient to prove that forbidden configurations in (jT]) 
and ([2|) cannot occur in C\. It is easy to check that the forbidden configurations in (jXj) 
are also forbidden configurations of PHF(3; r 3 , r 2 ,3). Now, let us consider the forbidden 
configuration in (J2]) . Denote a 6-subset of C\ by C = (or, a 2 , ■■■, c*6)> where or = (a^r + 
bi, a^r + Q, hr + Cj) T , 1 < i < 6. Assume C = V, then we have 

a±r + bi = a 4 r + 64 a 2 r + b 2 = a 5 r + h a 3 r + b 3 = a 6 r + h 

a\r + ci = a 6 r + c 6 a 2 r + c 2 = a 4 r + c 4 a 3 r + c 3 = a 5 r + c 5 . 

hr + ci = hr + c 5 b 2 r + c 2 = b 6 r + c 6 b 3 r + c 3 = b^r + c 4 

which imply ai = a 2 , b\ = b 2 and ci = c 2 , a contradiction to the assumption. Then the 
proof is completed. □ 

From Lemma 14.41 a lower bound can be obtained. 

Corollary 4.5. [y^J 3 < M(3,3,q ) holds for q > 4. 

Now we illustrate Lemma l4~4l with a small example. 


Example 4.6. (1) Let r = 4. Then according to Lemma 14.41 the associated code of Bi 
described below is a 3-SC(3,64,16). 


( A \ 
A 

A 

\ A ) 


where A 


/ 0 1 2 3 \ 

4 5 6 7 

8 9 10 11 

\ 12 13 14 15 


and other cells of Bi are filled with “x”. 

(2) Replacing some “x”s in Bi by some elements of Y = Z r 2 , we obtain the following 
array B, which is still a partial Latin square. It can be checked that its associated code is 
a 3-SC(3,96,16). 



( A 

Al ) 


/ 10 

11 ^ 


f 8 

9 \ 



A A 2 

, where A\ = 

14 

15 

5 ^2 — 

12 

13 

B = 


A Ai 






0 1 


2 3 



\ a 2 

71 ) 


V 

4 5 ) 


\ 6 7 

/ 


Inspired by Example 14.61 for any even square r = k 2 , we define other six functions as 
follows: 

gi{x, y, z, h) = xk + y + hr , g 2 (x, y,z,h ) = xk + z + (h + l)r, 

g{x, y) = r - {x + l)k + y, g 3 (x, y, z, h ) = g{x , y)r + g{x , z), 

g 2 {x, y, z , h ) = g(x, z) + {h + l)r, g' 3 (x, y, z, h) = g{x, y)r + xk + z, 

where all the operations in the above functions are taken in Z r 2 . Using these functions, we 
further define the following codes. 

C 2 = {(gi(x,y,z,h),g 2 (x,y,z,h),g 3 {x,y,z,h)) T \ x,y,z € Z k ,h € Z r ,h = 0 mod 2}, 

Cs = {(gi{x,y,z,h),g' 2 {x,y,z,h),g 3 {x,y,z,h)) T \ x,y,z G Z k ,h € Z r ,h = lrrwd2}. 

Similar to Lemma 14.41 we have 












10 


MINQUAN CHENG, JING JIANG, HAIYAN LI, YING MIAO, AND XIAOHU TANG 


Lemma 4.7. For any even square r = k 2 , C 2 is a 3-SC(3, kr 2 /2, r 2 ), and so is C 3 . 

Proof: Let us first consider C 2 . Let X = x Z r and Y = Z r 2 . We show that 
P = {( 71 , 52 , < 73 } forms a PHF(3; kr 2 /2, r 2 ,3). It is easy to check that an element v £ X 
is uniquely determined by any two of three images 51 (v), 52 ( v ) and <73 (v), therefore every 

2- subset of X is reduced by at most one of gi, 52 and 53. Suppose, for a contradiction, 

that {v! = z\, hi), v 2 = (x 2 , 52, z 2 , h 2 ), v 3 = (x 3 , 53, z 3 , h 3 )} C X is a 3-set that is 

reduced by all of the functions g\ , g 2 and 53. Since every 2-set is reduced by at most one of 
g 1, 52 and 53 and since every function 5 ,; must reduce some 2-subset of {vi, V2, V3}, we may 
assume without loss of generality that 51 (vi) = 51 (v 2 ), 52 (vi) = 5 2 (v 3 ) and 5 3 (v 2 ) = 53 (v 3 ). 
This implies that x\ = x 2 , yi = 52 , z\ = z 2 and h\ = h 2 , a contradiction to the assumption. 
So P is a 3-PHF(3; kr 2 / 2 , r 2 ,3). 

Clearly, C 2 is the associated code of the perfect hash family P. Similar to the proof of 
Lemma 14.41 we need only consider the forbidden configuration in (|2j) . Denote a 6 -subset of 
C 2 by C = ((3 1 ,f3 2 ,...,P 6 ), where & = (51 (a;*, yi, Zi, hi), g 2 (x u y u z h hi), g 3 (xi, yi, z iy hi)) T , 
1 < i < 6. Assume C = V, then we have 

xi k + yi + h\r = X4 k + 54 + ft 4 r, x 2 k + y 2 + h 2 r = x 5 k + y 5 + h 5 r, 

x 3 k + y 3 + h 3 r = x$k + ye + h e r , x\k + Z\ + (fti + l)r = x e k + z e + (h e + l)r, 

x 2 k + z 2 + (h 2 + 1 )r = aqfc + Z4 + (/14 + l)r, x 3 k + z 3 + (h 3 + l)r = x 5 k + z 5 + (h 5 + l)r, 

r[r - (xi + 1 )k + yi\ + r - (x 3 + 1 )k + z\ = r[r - (£5 + l)fc + 55] + r - (0:5 + 1 )k + 25, 

r[r - (®2 + l)fc + 52] + r - (0:2 + l)fc + 2:2 = r[r - (x 6 + l)fc + 56] + r - (a:6 + 1 )k + ^6, 

r[r - {x 3 + 1 )k + y 3 ]+r — (x 3 + 1 )k + z 3 = r[r - (aq + 1 )k + 54] + r - (24 + l)fc + 2:4. 

That is, X 3 = X 6 , 53 = 56 , -^3 = ~6 and /i 3 = he, a contradiction to the assumption. By 
Theorem 12.31 we know that C 2 is a 3-SC(3, kr 2 /2, r 2 ). 

In a similar fashion, we can prove that C 3 is also a 3-SC(3, kr 2 /2, r 2 ). The proof is then 
completed. □ 

As a matter of fact, A\ in Examp le !4. 61 corresponds to C 2 with k = 2 , while A 2 corresponds 
to C 3 with k = 2 . 

From the constructions of C,;, i = 1,2,3, it can be easily checked that the following 
assertions hold 

Corollary 4.8. (i) C t nCj = 0 for any distinct integers i,j € {1,2,3}; 

(ii) The related array of C = C\ U C 2 U C 3 is a partial Latin square; 

(iii) For any (a, 6 , c) T E C 2 and (d, e, f) T E C 3 , we have a / d, b / e and c / /. 

From Corollary 14.81 we have the following result. 

Theorem 4.9. Let r = k 2 , where k is an even positive integer. Then C = C\ U C 2 U C 3 is a 

3- SC(3, r 3 + kr 2 ,r 2 ). 

Proof: According to Corollary 14.81 and Lemma 14.21 the related array of C is a partial 
Latin square, and C is a 2-FPC. Let 

cxi = (ciir + bi, air + c*, hr + a) T E C\, 

Pi = (gi(xi,yi, Zi,hi), g 2 (xi,yi, Zi,hi), g 3 (xi,yi, z h hi)) T E C 2 
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7 i = {gi{xi,yi,Zi,hi),g' 2 {xi,yi,Zi,hi),g 2 (xi,yi,Zi,hiyf EC 3 , 
where 1 < i < 6 . From Theorem 12.31 to prove that C is a 3-SC, we only need consider the 
forbidden configurations in JT]) and (f 2 j). 

(I) Assume that Ai = ( 01 , 02 , 03 , 04 ) occurs in C, where c* E C ^ and ki E {1,2,3}, 
i E {1,2, 3,4}. Let us consider the 4-tuple vector (A x , A 2 , A 3 , A 4 ). 

(1) Suppose that (A x , k 2 , A 3 , A 4 ) € K\ = {(A, A, A, A) \ k E {1,2,3}}. This implies 
that the codewords ci, C 2 , c 3 , C 4 are all in the same subcode C&, k € {1, 2, 3}, 
a contradiction to the fact that C & is a 3-SC. 

( 2 ) Suppose that (A x , k 2 , k 3 , A 4 ) € Ji 2 , where A ' 2 = {( 2 , 3, A 3 , A 4 ), ( 2 , A 2 , 3, £ 4 ), 
(2,A 2 ,A 3 ,3), (k\, 2 , A 3 ,3), (fc x , fc 2 ,2,3), (3,2,A 3 ,A 4 ), (3, k 2 , 2, A 4 ), (3, fc 2 , fc 3 ,2), 
(A x , 3, A 3 , 2 ), (Ai,A 2 ,3, 2 ) | Ai,A 2 ,A 3 ,A 4 € {1,2,3}}. This contradicts the state¬ 
ment (iii) of Corollary 14.81 

(3) Suppose that (At, A 2 , A 3 , Aq) E K 3 = {1, 2, 3 } 4 \ (Aq U A' 2 ). It is easy to check 
that none of the above cases equals A X . We take (Aq, A 2 , A 3 , A 4 ) = (1,1,1, 2 ) as 
an example. Suppose that A X = (a x , a 2 , a 3 , /3 4 ). We have 

air + bi = a 2 r + b 2 , a x r + c\ = X 4 k + Z 4 + (/i 4 + l)r, b\r + c\ = b 3 r + c 3 , 
A 2 r + c 2 = [r — (x 4 + l)A + y 4 ]r-|- [r — (X 4 + l)k + z^\, a 3 r + b 3 = x 4 A + 2/4 + h 4 r. 

That is, X 4 A + 2/4 = 63 = b\ = b 2 = r — (aq + 1 )k + j/ 4 . This implies 2 x 4 + 1 = A, 
a contradiction to the fact that A is even. 

According to (l)-(3) above, we know that A x does not occur in C. Similarly, we can 
prove that A 2 and A 3 do not occur in C. 

(II) Assume that V = (ci, c 2 , c 3 , C4, C 5 , cq) occurs in C, where c,; E and ki E {1, 2, 3}, 
i E {1,2, 3,4, 5, 6 }. Let us consider the 6 -tuple vector (A x , A 2 , A 3 , A 4 , A 5 , ke). 

(1) Suppose that (A x , k 2 , k 3 , A 4 , A 5 , ke) E Aq = {(A, A, A, A, A, A) | A E {1,2,3}}. 
This implies that the codewords c x , c 2 , c 3 , C 4 , C 5 , C 6 are all in the same subcode 
4, A E {1,2,3}, a contradiction to the fact that is a 3-SC. 

(2) Suppose that (A x , A 2 , A 3 , A 4 , k 3 ,ke) € K 2 , where K 2 equals 

{( 2 , A 2 , A 3 ,3, A 5 , A 6 ), ( 2 , A 2 , A 3 , A 4 ,3, A 6 ), ( 2 , A 2 , A 3 , A 4 , A 5 ,3), (3, A 2 , A 3 , 2 , A 5 , A 6 ), 
(3, A 2 , A 3 , A 4 , 2 , A 6 ), (3, A 2 , A 3 , A 4 , A 5 , 2 ), (Aq, 2 , A 3 ,3, A 5 , A 6 ), (A x , 2 , A 3 , A 4 ,3, A 6 ), 
(A x , 2 , A 3 , A 4 , A 5 ,3), (Ai,3, A 3 , 2 , A 5 , A 6 ), (A x , 3, A 3 , Aq, 2 , A 6 ), (A x ,3, A 3 , A 4 , A 5 , 2 ), 
(Ai, A 2 , 2 ,3, A 5 , A 6 ), (Aq, A 2 , 2 , Aq,3, A 6 ), (A x , A 2 , 2 , A 4 , A 5 ,3), (A x , A 2 ,3, 2 , A 5 , A 6 ), 
(Aq, A 2 ,3, A 4 ,2, A 6 ), (A x , A 2 ,3, A 4 , A 5 ,2) | A x , A 2 , A 3 , A 4 , A 5 , A 6 E {1,2,3}}. 

This contradicts the statement (iii) of Corollary 14.81 

(3) Suppose that (A x , A 2 , A 3 , A 4 , A 5 , ke) € AT 3 = {1,2, 3 } 6 \ (Aq U K 2 ). It is easy 
to check that none of the above cases equals V. We take (1,1,1,1,2, 3) as an 
example. Let V = (aq, a 2l a 3 , aq, /3 5 , 7 6 ). We have 

air + 61 = a 4 r + 64 , 

a\r + ci = r — (x 6 + 1)A + z 6 + ( h 6 + l)r, 

6 x r + ci = [r - (x 5 + 1)A + y 5 ]r + [r - (x 5 + 1 )A + z 5 ], 
a 2 r + b 2 = x 5 A + y 5 + h 5 r, 
a 2 r + c 2 = a±r + c 4 , 
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hr + c 3 = [r - ( xq + 1 )k + y 6 ]r + x e k + z 6 , 

a 3 r + b 3 = x e k + y e + h e r, 

a 3 r + c 3 = x 5 k + z 5 + (h 5 + l)r, 

63 r + c 3 = 64?’ + c 4 . 

Then = he + 2 mod r , a contradiction to the fact r > 4. 

According to (l)-(3) above, we know that V does not occur in C. 

From the discussion above, we know that C is a 3-SC, and \C\ = \Ci U C 2 U C 3 | = |Ci| + 
IC 2 1 + |C 3 | = r 2 (k + r). The proof is then completed. □ 

4.2. Constructions via Steiner triple systems. In this subsection, some 3-SC(3, M, q )s 
are constructed by means of Steiner triple systems, which are first used to construct partial 
Latin squares. Let us see its definition first. 

Definition 4.10. Let v be a positive integer. A Steiner triple system (STS(u) in short) is 
a set system ( V ., B) where V is a set of v elements and B is a set of 3-subsets of V called 
blocks such that every pair of distinct elements of V occurs in exactly one block of B. 


It is well-known that Steiner triple systems can be constructed from (v,3, l)-difference 
families. Let F be a family of 3-subsets of an additive group G with order v. F is called 
a difference family (briefly denoted (v, 3,1)-DF) if any nonzero element of G can be repre¬ 
sented in a unique way as a difference of two elements lying in some member of F. Then the 
set system (G, B) is a Steiner triple system of order v, where B = {B + g\ B£j r ,g£ G}. 

Lemma 4.11. ([2]) Let q = 6t + 1 be a prime power, e be a primitive element in F q . and 
£ = e 2t be a primitive 3rd root of unity in F q . Then T = {{1, £, £ 2 }e* |0<i<t — l}isa 
(u,3,1)-DF. 


Given an STS(u) (V,B), we can define its corresponding partial Latin square P to be 
the v x u-array with entry k in cell (i, j) if and only if {i,j, k} E B, that is, we can derive 
six entries (, x,y,z ), (x,z\y), ( y,x;z ), (y,z\x), (z,y;x) and ( z,x\y) in P from each triple 
{x,y,z} e B. 

Given a set S C {0,1,... , t — 1}, let D = {(1,£, £ 2 ) T e* | i E 5} and C = {D + g \ g E F q }. 
Clearly, the related array of C is a partial Latin square with q\S\ non-empty cells. From 
Lemma m we know that C is a 2-FPC(3, q\S\, q). Now, let us consider the forbidden 
configurations in dTJ and ([ 2 ]). 

(I) Without loss of generality, we may assume 


/ £ x 

£ v + h 

£ z + k 2 £ w + k 3 \ 

Uy 

9 

10 

11 

< 

£ y f + ki 

£ z f + k 2 £ w t; +k 3 

V 

£ v f 2 + h 

£ z f 2 + k 2 £ w t; 2 + k 3 J 

■e x,y, z,w E S and &q, /C 2 , k 3 E F q . Then we have 

e x = e v + ki 


ki= £ x — £ v 

e z + k 2 = e w + k 3 


£ z + £ x f 2 — £ z f 2 = £ w + £ x f — £ w t ; 

£ x f = £ w f + k 3 

< 

k 3 = £ x t; — £ w f 

£ x e=e z e+k 2 


k 2 = £ X Z 2 - £ 2 £ 2 

£V £ 2 + ki= £ W f 2 

+ k 3 

£ y f 2 + £ x - £ y = £ w f 2 + £ x f - £ w f 
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This means 

£ w + £ X Z + £ z f = 0 and e* + e w Z + e u Z 2 = 0, 

with \{x,y,z,w}\ = 4. In fact, 

(1) x / y, z,w always holds. If x = y, we have k\ = e x — e y = 0. This implies 
that the first codeword equals the second codeword of Ai, a contradiction to 
the assumption. Similarly, from k 2 = £ x £? — £ 2 £ 2 and k 3 = e x £ — £ w ^, we have 
x ^ z,w. 

(2) y / z,w always holds. If y = z, we have x = w from e 1 " + + £ 2 £ 2 = 0 and 

£ a; _|_ £ w£ _|_ _ q ^his j s a contradiction to the fact x j- w. Similarly, from 

£ x + £ w i + £ y £ 2 = 0 , we have y ^ w. 

(3) z ^ w always holds. If z = w, from e w + e x £ + e 2 £ 2 = 0, we have x = z, a 
contradiction to the fact x j- z. 

The converse can be also proved to be true. 

From the discussion above, we know that Ai occurs in C if and only if there exists 

a solution to the following system of equations. 

£ W _|_ £ X£ _|_ £ Z £2 _ Q 

< e x + e w l ; + A £ 2 = 0 , where x, y,z,w € 5. (3) 

|{x,y,2,M;}| = 4 

Similarly, we can check that any of A 2 , A 3 occurs in C if and only if there exists 

a solution to the above system of equations. 

(II) Without loss of generality, we may assume 

/ £ x £ y + ki £ z + k 2 £ u + k 3 £ v + k 4 £ w + k 3 \ 

V = I £ x l; £ v t; + ki £ z £ + k 2 £ U S, + k 3 £ v £ + ki £ w ^ + k 5 J , 

\ £ x (? e v £ 2 + fci e z ? + k 2 £ U Z 2 + k 3 £ v ? + k 4 £ w £ 2 + k 5 J 

where x, y, z,u,v,w € S and k\, A: 2 , ki, k 4 , k$ € F q . Then we have 


£*=£“ + k 3 

k 3 = £ x — £ u 

£ v + ki = £ v + k 4 

ki = £ v + £ x ^ 2 — £ v ^ 2 — £ v 

£ z + k 2 = £ w + k 5 

k 2 = £ w + £ x £ - £ w £ - £ z 

£ x { = £ w t, + k 5 

k 3 = £ x l ; — £ w £, 

£ v i + ki = £ u l ; + k 3 < 

k 4 = £ u £ + £ x — £ u — 

£ 2 £ + k 2 = £ v £ + k 4 

k 2 = £ v l; + £ x t ; 2 — £ v t ; 2 — £ z £ 

£ x £ 2 = £ v £ 2 + k 4 

k 4 = £ x ^ 2 — £ v t ; 2 

£ y Z 2 + k 4 = £ w ^ 2 + k 5 

ki = £ w i t2 + £ x £ — £ w l; — £ y ^ 2 

£ 2 £ 2 + k 2 = e “£ 2 + k 3 

k 2 = e “^ 2 + £“ — £“ — £ z £ 2 


This means 

£* + £ y C 2 + e 2 <£ = 0 , e u + £ v i + £ w i 2 = 0 and £ X ^ + £ u = £ z + £ w £, 
where 

{ x 0 {u, v, w} and |{it, v, tc}| =3 if x = y = z; 

u £ {x, y, z} and |{x, y, z}\ = 3 if u = v = w\ (4) 

|{x, y, z, u, v, re}| = 6 otherwise. 
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From the discussion above, we have 

( 1 ) {x, y, z } n {u, v, w} = 0 always holds. 

• x {u, v, in} always holds. If x = u, we have = e x — e u = 0. This implies 
that the first codeword of V equals the forth codeword of V, a contradiction to 
the assumption. Similarly, from = e x £ — e w £ and k 4 = e x £ 2 — s v £, 2 , we can 
prove that x 7^ w, v always holds. 

• y 0 {u, v, w} always holds. If y = u, we have k\ = k 3 from e y £ + k\ = 
£ u ^+ks. This implies that the second codeword of V equals the forth codeword 
of V, a contradiction to the assumption. Similarly, from e y + k\ = e v + k^ and 
E y £ 2 + k\ = e w £ 2 + k$, we have y / v,w. 

• z £ {u,v,w} always holds. If z = u, we have k-2 = k% from e z £ 2 + k2 = 

£ u £2 _|_ _ This implies that the third codeword of V equals the forth codeword 

of V, a contradiction to the assumption. Similarly, from e z + k-2 = £ w + k$ and 

+ k2 = + fei, we have z 7 ^ w,v. 

(2) If \{x,y,z}\ < 3 (or \{u,v,w}\ < 3), then \{x,y,z}\ = 1 (or |{n,n,in}| = 1) 
always holds. Without loss of generality, we may assume x = y. Then we have 
x = y = z from e x + £ y £ 2 + e z £ = 0. Similarly, we have that if |(it, v,w}\ < 3, 
then |(it, v, w}| = 1 always holds from e u + e v £ + e w ^ 2 = 0 . 

(3) If x = y = 2 (or u = v = w), then |{u, v,w}\ = 3 (or \{x,y,z}\ = 3) always 
holds. If x = y = z and u = v = w, we have e x = £ u from e x £ + e u = e z + e w £. 
This is a contradiction to the fact x / u. 

The converse can be also proved to be true. 

Summarizing the discussion above, we know that V occurs in C if and only if 
there exists a solution to the following system of equations. 

{ e x + e v £ 2 + e z £ = 0 ( x ^ {u,v,w} and |{u, v, w}| = 3 if x = y = z; 

e u + £ v £ + e w £ 2 = 0 , where < u $ {x, y, zj and |{x, y, z}\ = 3 if u = v = w; (5) 
£ x (, + e u = e z + e w (, [ \{x,y, z,u,v,w}\ = 6 otherwise. 

Therefore we have the following result. 

Theorem 4.12. C is a 3-SC(3,( 7 |S'|,g) if and only if each solution to d3|) and © does not 
belong to S. 

With the aid of a computer, by applying Theorem 14.121 we obtain the following results 
for small q. 

Corollary 4.13. ( 1 ) There exists a 3-SC(3, —,q), when q = 73, 79, 103, 127, 139. 

( 2 ) There exists a 3-SC(3, when q = 109, 121 , 157, 169, 199, 229, 313. 

(3) There exists a 3-SC(3, ^-\,q ), when q = 151, 157, 163, 193, 211, 223, 241, 271, 

277, 283, 307, 337, 349, 367, 409, 433, 499, 523, 547, 571, 577, 601, 727, 739, 811, 
859. 

(4) There exists a 3-SC(3, when Q = 181, 313 > 331 > 343 > 373 > 397 > 421 > 439 > 

457, 499, 529, 541, 607, 613, 619, 625, 673, 691, 733, 751, 757, 787, 823, 841, 877, 

907, 919, 937, 961, 967, 991, 997. 
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Proof: The results are obtained by letting S = {0, 1,. .., t — 1}, {i \ i ^ 0 mod 3,0 < 
i < t}, {i | i = 0 mod 2,0 < i < t}, {i \ i = 0 mod 3,0 < i < t}, respectively. □ 


5 . Summary 

In this paper, a new upper bound M(3,3, q) < was derived by considering an 

optimization problem related to a partial Latin square. Taking advantage of perfect hash 
families, we constructed 3-SC(3, r 3 , r 2 )s for all positive integers r. Consequently, a lower 
bound M (3, 3, q ) > [y/q \ 3 was obtained, and for every even integer k, a 3-SC(3, r 3 + kr 2 , r 2 ) 
was constructed where r = k 2 . Finally, the constructions of 3-SC(3, M, q ) from Steiner triple 
systems were also discussed. 


Appendix: Proof of Theorem 12.31 

The necessity is clear from Theorem 11.31 and the discussion in Section [21 We consider 
its sufficiency. From the relationship between a separable code and a frameproof code in 
Theorem oi it is sufficient to prove that for any distinct A, L? C C with |A| = \B\ = 3, we 
have desc(A) / desc(L?) except that A|J B equals one of the forbidden configurations in (JT]) 
and ©. 

Let A = {a = (ai,a 2 ,a 3 ) T , b = (bi,b 2 ,b 3 ) 7 \ c = (ci,c 2 ,c 3 ) t } C C and B = { d = 
{d 1 ,d 2 ,d 3 ) T , e = (ei,e 2 ,e 3 ) r , f = (/i,/ 2 ,/ 3 ) t } C C. Suppose that desc(A) = des c(B), 
A / B and |A| = \B\ = 3. Then we have {ai,&i,ci} = {di,e 3 ,fi}, {a 2 , 6 2 ,c 2 } = {d 2 ,e 2 ,/ 2 } 
and {a 3 , b 3 ,c 3 } = {d 3 , e 3 , f 3 } by the definition of a separable code. There are three cases to 
be considered: 


(I) | A P| B\ = 2. Without loss of generality, we may assume that b = e and c = f , that is, 
A = {a, b, c}, B = {b, c, d}. We list them as follows. 


( 6 ) 


a\ bi ci d\ 
a 2 6 2 c 2 d 2 
a 3 b 3 c 3 d 3 

Since C is a 2-FPC, the following statements hold. 

2 ^ d ^ desc({a, b}) holds because d ^ {a, b}. Without loss of generality, we may 
assume that d\ 0 {ai, 6 i}, then ci = d\ and ai = b\ always hold since {oi, 6 i,ci} = 
{ 6 i,ci,di}. Then ([HI) can be written as follows. 


(7) 


> d ^ desc({b,c}) holds because d ^ {b,c}. Without loss of generality, we may 
assume that d 2 0 {b 2 ,c 2 }, then a 2 = d 2 always holds since {a 2 ,b 2 ,c 2 } = {b 2 ,c 2 ,d 2 }. 
Then ([71) can be written as follows. 



Ol dl Cl Cl 

a 2 b 2 c 2 a 2 
a 3 b 3 c 3 d 3 


(8) 
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> d ^ desc({a, c}) holds because d 0 {a, c}. Then we must have d 3 0 {03, C3}, which 
implies 63 = d 3 and 03 = C3 since {03, 63, C3} = {63, C3, Then ((HJ) can be written as 
follows. 


( ai a 1 ci ci \ 

a 2 b 2 c 2 a 2 ( 9 ) 

o 3 b 3 a 3 63 ) 

Obviously, @ equals Ai in CD, which is a forbidden configuration in C. 

(II) |yiP|.B| = 1. Without loss of generality, we may assume that c = f, that is, A = 
{a, b,c}, B = {c,d,e}. We list them as follows. 


/ ai bi ci d\ ei \ 

a 2 b 2 c 2 d 2 e 2 (10) 

\ 03 63 c 3 d 3 e 3 ) 


Since C is a 2 -FPC, the following statements hold. 

2 ^ d ^ desc({a, b}) holds because d ^ {a, b}. Without loss of generality, we may 
assume that d\ 0 {01,61}, then ci = d\ and a\ = b\ = e± always hold since {ai, 61, c±} = 
{ci,di,ei}. Then (ITOl) can be written as follows. 


( Ol CL\ Cl Cl ai \ 

02 b 2 c 2 d - 2 e 2 (11) 

03 b 3 c 3 d 3 e 3 ) 

>e^ desc({a, b}) holds because e 0 {a, b}. Without loss of generality, we may assume 
that e2 ^ {02,62}, then c 2 = e2 and a 2 = b 2 = d 2 always hold since {02,62,02} = 
{C2,d2,e 2 }. Then (fITll can be written as follows. 


( Ol Ol Cl Cl Ol \ 

02 0 2 C 2 0 2 C 2 ( 12 ) 

03 63 c 3 d 3 e 3 ) 

> d ^ desc({b,c}) holds because d ^ {b, c}. Then we must have d 3 ^ {63,03}, which 
implies 03 = d 3 since {03,63,03} = {03,^3,63}. Then (fT 2 l) can be written as follows. 


Ol 

Ol 

Cl 

Cl 

Ol 

02 

02 

C2 

02 

C2 

03 

63 

C3 

03 

C3 


Obviousely, d E desc({a, c}) holds. This contradicts the definition of a 2 -FPC since 
d 0 {a, c}. 

So the case of l-Af) B\ = 1 can never happen. 

(Ill) | A P| B\ = 0 . We list A and B as follows. 

/ 01 61 ci di ei fi \ 

a 2 6 2 c 2 d 2 e 2 f 2 ( 13 ) 

V 03 63 c 3 d 3 e 3 f 3 J 

Since C is a 2 -FPC, the following statements hold. 
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>■ d ^ desc({a, b}) holds because d 0 {a, b}. Without loss of generality, we may 
assume that d\ 0 {ai, 6 i}, then ci = d\ always holds since {ai, 6 i,ci} = {di,ei,/i}. 
Then (1131) can be written as follows. 


a\ 

61 

Cl 

Cl 

ei 

h 

a 2 

62 

C2 

d 2 

e2 

h 

03 

63 

C3 

d 3 

C3 

h 


(14) 


> d ^ desc({a, c}) holds because d 0 {a, c}. Without loss of generality, we may 
assume that d 2 0 { 02 , 02 }, then 62 = d 2 always holds since { 02 , 62 , 02 } = {d 2 , e 2 , f 2 }. 
Then (1141) can be written as follows. 


/ ai 61 ci ci ei fi \ 

a 2 6 2 c 2 60 e 2 /2 (15) 

V a 3 63 c 3 d 3 e 3 / 3 / 

> d ^ desc({b, c}) holds because d 0 {b,c}. Then we must have d 3 fL { 6 3 ,c 3 }, which 
implies a 3 = d 3 since {a 3 , 6 3 ,c 3 } = {d 3 ,e 3 ,/ 3 }. Then (1T51) can be written as follows. 


/ 01 61 ci ci ei fi \ 

o 2 62 c 2 62 e 2 / 2 

\ a 3 6 3 c 3 a 3 e 3 / 3 / 

> e ^ desc({a, b}) holds because e 0 {a, b}. There must exist an index 1 < i < 3 
such that ei 0 {aj,6j} holds. 

( 1 . 1 ) If ei 0 {ai, 61} holds, then ci = ei always holds since {ai, 61, ci} = {ci, e\, /1}; 

( 1 . 2 ) If e2 0 {02,62} holds, then c 2 = e2 always holds since {02, b 2 , c 2 } = {b 2 ,e 2 , f 2 }; 

( 1 . 3 ) If e 3 0 {a 3 , 63} holds, then c 3 = e 3 always holds since {a 3 ,6 3 , c 3 } = {a 3 , e 3 , / 3 }. 

> e ^ desc({a, c}) holds because e ^ {a, c}. There must exist an integer 1 < i < 3 
such that ei fL {aj,Cj} holds. 

( 2 . 1 ) If ei 0 {ai, ci} holds, then 61 = ei always holds since {ai, 61, ci} = {ci, e±, /1}; 

( 2 . 2 ) If e 2 0 {o 2 , c 2 } holds, then b 2 = e 2 always holds since {a 2 , 6 2 , c 2 } = {6 2 , e 2 , f 2 }; 

(2.3) If e 3 0 {a 3 , c 3 } holds, then b 3 = e 3 always holds since {a 3 ,6 3 , c 3 } = {a 3 , e 3 , / 3 }. 
>e^ desc({b, c}) holds because e ^ {b, c}. There must exist an index 1 < i < 3 such 
that ei fL {bi,Ci} holds. 

( 3 . 1 ) If ei 0 {61, ci} holds, then a± = e± always holds since {ai, 61, ci} = {ci, ei, /1}; 

( 3 . 2 ) If e2 0 {62, C2} holds, then a 2 = e 2 always holds since {02, b 2 ,c 2 } = {b 2 ,e 2 , f 2 }; 

( 3 . 3 ) If e 3 fL {6 3 , c 3 } holds, then a 3 = e 3 always holds since {a 3 ,63, c 3 } = {a 3 , e 3 , / 3 }. 
f fL desc({a, b}) holds because f fL {a, b}. There must exist an index 1 < i < 3 such 

that fi fL {di,bi} holds. 

( 4 . 1 ) If f\ {ai, 61} holds, then ci = f\ always holds since {ai, 61, ci} = {ci, ei, /1}; 

( 4 . 2 ) If f 2 ^ {a 2 , 62} holds, then c 2 = f 2 always holds since {a 2 , b 2 ,c 2 } = {b 2 ,e 2 , f 2 }; 

( 4 . 3 ) If / 3 fL {a 3 , 63} holds, then c 3 = / 3 always holds since {a 3 ,63, c 3 } = {a 3 , e 3 , / 3 }. 
f 0 desc({a, c}) holds because f 0 {a, c}. There must exist an index 1 < i < 3 such 

that fi fL {aj,ci} holds. 

( 5 . 1 ) If f\ fL {ai, ci} holds, then b\ = f\ always holds since {ai, 61, ci} = {ci, e\, /1}; 


18 


MINQUAN CHENG, JING JIANG, HAIYAN LI, YING MIAO, AND XIAOHU TANG 


(5.2) If f 2 0 {a 2 , c 2 } holds, then b 2 = / 2 always holds since {a 2 , b 2 , c 2 } = {& 2 , e 2 , / 2 }; 

(5.3) If f 3 0 {a 3 , c 3 } holds, then b 3 = f 3 always holds since {a 3 ,b 3 , c 3 } = {a 3 , e 3 , / 3 }. 
>■ f 0 desc({b, c}) holds because f 0 {b, c}. There must exist an index 1 < i < 3 such 
that fi 0 { 6 j,Cj} holds. 

(6.1) If /i 0 { 6 i, ci} holds, then a\ = f\ always holds since {ai, b\, c±} = {ci, ei, /i}; 

(6.2) If f 2 ^ { 6 2 , c 2 } holds, then a 2 = / 2 always holds since {a 2 , 6 2 , c 2 } = {b 2 , e 2 , / 2 }; 

(6.3) If / 3 0 { 6 3 , c 3 } holds, then a 3 = / 3 always holds since {a 3 , b 3 ,c 3 } = {a 3 , e 3 , / 3 }. 

It is easy to check that for any i € {1, 2, 3} or any i € {4,5, 6}, and for any j £ {1, 2, 3}, 

once (i.j) occurs, no (i'.j) can occur for any i’ £ {1,2,3} \ {*} or any i! £ {4,5,6} \ {i}, 
respectively. So there are 3x2x1x3x2x1 = 36 cases to be considered. 


{(1.3),(2.2), (3.1), (4.2), (5.1), (6.3)}, 
{(1.1), (2.3), (3.2), (4.2), (5.3), (6.1)}, 
{(1.1), (2.3), (3.2), (4.3), (5.2), (6.1)}, 
{(1.2),(2.1), (3.3), (4.2), (5.3), (6.1)}, 
{(1.2), (2.1), (3.3), (4.3), (5.2), (6.1)}, 
{(1.2),(2.3), (3.1), (4.2), (5.1), (6.3)}, 
{(1.3),(2.1), (3.2), (4.1), (5.3), (6.2)}, 
{(1.3),(2.1), (3.2), (4.3), (5.2), (6.1)}, 
{(1.3),(2.2), (3.1), (4.2), (5.3), (6.1)}, 
{(1.1), (2.2), (3.3), (4.1), (5.2), (6.3)}, 
{(1.1), (2.2), (3.3), (4.2), (5.1), (6.3)}, 
{(1.1), (2.2), (3.3), (4.3), (5.1), (6.2)}, 
{(1.1), (2.3), (3.2), (4.1), (5.2), (6.3)}, 
{(1.2), (2.1), (3.3), (4.1), (5.2),(6.3)}, 
{(1.2),(2.3), (3.1), (4.1), (5.2),(6.3)}, 
{(1.3),(2.1), (3.2), (4.1), (5.2), (6.3)}, 
{(1.3),(2.2), (3.1), (4.1), (5.2), (6.3)}, 
{(1.2),(2.3), (3.1), (4.3), (5.1), (6.2)}, 


{(1.1), (2.3), (3.2), (4.2), (5.1), (6.3)}, 
{(1.1), (2.3), (3.2), (4.3), (5.1), (6.2)}, 
{(1.2),(2.1), (3.3), (4.1), (5.3),(6.2)}, 
{(1.2),(2.1), (3.3), (4.3), (5.1),(6.2)}, 
{(1.2), (2.3), (3.1), (4.1), (5.3),(6.2)}, 
{(1.2),(2.3), (3.1), (4.3), (5.2), (6.1)}, 
{(1.3),(2.1), (3.2), (4.2), (5.1), (6.3)}, 
{(1.3),(2.2), (3.1), (4.1), (5.3), (6.2)}, 
{(1.3),(2.2), (3.1), (4.3), (5.1), (6.2)}, 
{(1.1), (2.2), (3.3), (4.1),(5.3),(6.2)}, 
{(1.1), (2.2), (3.3), (4.2), (5.3), (6.1)}, 
{(1.1), (2.2), (3.3), (4.3), (5.2), (6.1)}, 
{(1.1), (2.3), (3.2), (4.1), (5.3), (6.2)}, 
{(1.2),(2.1), (3.3), (4.2), (5.1), (6.3)}, 
{(1.2),(2.3), (3.1), (4.2), (5.3), (6.1)}, 
{(1.3),(2.1), (3.2), (4.3), (5.1), (6.2)}, 
{(1.3),(2.2), (3.1), (4.3), (5.2), (6.1)}, 
{(1.3), (2.1), (3.2), (4.2), (5.3), (6.1)}. 


It is readily checked that none of the first 18 subcases satisfies the condition (i) in this 
theorem. For example, consider the subcase {(1.3), (2.2), (3.1), (4.2), (5.1), (6.3)}, that is, 


(1.3) c 3 = e 3 ; ( 2 . 2 ) b 2 = e 2 ; (3.1) a x = e i; (4.2) c 2 = / 2 ; (5.1) b x = A; (6.3) a 3 = f 3 . 


Then the corresponding subcode can be written as follows. 

( a± b\ ci ci ai b\ 

a 2 b 2 c 2 b 2 b 2 c 2 

«3 b 3 c 3 a 3 c 3 a 3 

where e = (ai, 6 2 ,c 3 ) T and f = (&i,c 2 ,a 3 ) r . Obviously, b £ desc({e,f}) holds since b 3 € 
{« 3 ;C 3 }. This is a contradiction to the definition of a 2-FPC because of the assumption 
b ^ {e, f}. It is also easy to check that none of the next 16 subcases satisfies the condition 
that \B\ = 3. Finally the remaining 2 subcases correspond to the forbidden configuration 
in fl 2 J. 


The proof is then completed. 


□ 
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